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Abstract
We first prove the local Ar(Ω)-weighted Poincaré inequality for A-harmonic tensors on domain Ω and
the analogue for the projection operator. Then, we prove the global Ar(Ω)-weighted Poincaré inequality
for A-harmonic tensors. Finally, using the global Ar(Ω)-weighted inequality established for A-harmonic
tensors, we obtain the global Ar(Ω)-weighted Poincaré inequality for the projection operator.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction and notation
Poincaré inequalities have been playing critical roles in many fields of mathematics, including
potential analysis, partial differential equations and the theory of elasticity, see [1–4,6,8,12,14].
The A-harmonic tensors are the solutions of the A-harmonic equation which is an important ex-
tension of the p-harmonic equation in Rn, p > 1. In the meantime, the p-harmonic equation is
a natural generalization of the usual Laplace equation. The A-harmonic equation is intimately
connected to the fields such as quasi-conformal mappings, potential analysis and the theory of
elasticity, etc. In recent years the classical Poincaré inequality has been generalized into different
versions in Rn, see [4,6,8]. In this paper, we shall prove both local and global Ar(Ω)-weighted
* Corresponding author.
E-mail addresses: xyuming@hit.edu.cn, yuming_xing@hotmail.com (Y. Xing).0022-247X/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.06.104
220 S. Ding et al. / J. Math. Anal. Appl. 322 (2006) 219–232Poincaré inequalities for A-harmonic tensors and the projection operator acted on A-harmonic
tensors on domain Ω ⊂ Rn, n 2. Our main results are presented in Theorems 2.6 and 3.22,
respectively. In each of these theorems, we prove a version of the Ar(Ω)-weighted Poincaré
inequality containing a parameter α with 0 < α  1. This parameter makes the Poincaré inequal-
ities more flexible and useful. By selecting the suitable values for α in each theorem, we will
obtain the required versions of the Poincaré inequality. Our results can be considered as general-
izations of the classical Poincaré inequality and be used to study the integrability of A-harmonic
tensors and the properties of the related operators, including the projection operator H , Green’s
operator G and the Laplace–Beltrami operator Δ, which are applied to the differential forms on
domain.
Throughout this paper, we always assume that Ω is an open subset of Rn. We write R = R1.
Let e1, e2, . . . , en denote the standard unit basis of Rn. For l = 0,1, . . . , n, we use Λl = Λl(Rn)
to denote the linear space of l-vectors, generated by the exterior products eI = ei1 ∧ei2 ∧· · ·∧eil ,
corresponding to all ordered l-tuples I = (i1, i2, . . . , il), 1  i1 < i2 < · · · < il  n. The
Grassman algebra Λ = ⊕Λl is a graded algebra with respect to the exterior products. For
α = ∑αI eI ∈ Λ and β = ∑βI eI ∈ Λ, the inner product in Λ is given by 〈α,β〉 = ∑αIβI
with summation over all l-tuples I = (i1, i2, . . . , il) and all integers l = 0,1, . . . , n. The Hodge
star operator  :Λ → Λ is defined by the rule 1 = e1 ∧ e2 ∧ · · · ∧ en and α ∧ β = β ∧ α =
〈α,β〉(1) for any α,β ∈ Λ. Hence, the norm of α ∈ Λ is given by the formula |α|2 = 〈α,α〉 =
(α ∧ α) ∈ ∧0 = R. The Hodge star is an isometric isomorphism on Λ with  :Λl → Λn−l and
  (−1)l(n−l) :Λl → Λl . Let 0 < p,α < ∞, we denote the weighted Lp-norm of a measurable
function f over E by
‖f ‖p,E,wα =
( ∫
E
∣∣f (x)∣∣pw(x)α dx)1/p
if the integral exists. We all know that a differential l-form is a de Rham current on Ω with values
in Λl(Rn), see [7,9]. Let D′(Ω,∧l ) be the space of all differential l-forms and Lp(Ω,∧l ) be the
l-forms ω(x) =∑I ωI (x) dxI =∑ωi1i2···il (x) dxi1 ∧ dxi2 ∧ · · · ∧ dxil with ωI ∈ Lp(Ω,R) for
all ordered l-tuples I . Thus Lp(Ω,∧l ) is a Banach space with norm
‖ω‖p,Ω =
( ∫
Ω
∣∣ω(x)∣∣p dx)1/p = ( ∫
Ω
(∑
I
∣∣ωI (x)∣∣2
)p/2
dx
)1/p
.
We denote the exterior derivative by d :D′(Ω,Λl) → D′(Ω,Λl+1) for l = 0,1, . . . , n. The
Hodge codifferential operator d :D′(Ω,Λl+1) → D′(Ω,Λl) is given by d = (−1)nl+1  d on
D′(Ω,Λl+1), l = 0,1, . . . , n, and the Laplace–Beltrami operator Δ is defined by Δ = dd+dd .
During the last decade, many interesting results have been established in the study of the
A-harmonic equation
dA(x, dω) = 0, (1.1)
where A :Ω × Λl(Rn) → Λl(Rn) satisfies the following conditions:
∣∣A(x, ξ)∣∣ a|ξ |p−1 and 〈A(x, ξ), ξ 〉 |ξ |p (1.2)
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fixed exponent associated with (1.1). A solution to (1.1) is an element of the Sobolev space
W 1p,loc(Ω,Λ
l−1) such that∫
Ω
〈
A(x,dω), dϕ
〉= 0
for all ϕ ∈ W 1p(Ω,Λl−1) with compact support.
Definition 1.3. We call u an A-harmonic tensor on Ω if u satisfies the A-harmonic equation (1.1)
on Ω .
If we choose the operator A(x, ξ) = ξ |ξ |p−2 in (1.1), then the A-harmonic equation (1.1)
reduces to the p-harmonic equation
d
(|du|p−2 du)= 0, (1.4)
where 1 < p < ∞. A solution to the p-harmonic equation on Ω is called a p-harmonic tensor
on Ω . See [2–4,8] for more results about p-harmonic tensors. We should notice that if u is a
0-form, then, the p-harmonic tensors reduces to the p-harmonic functions and the A-harmonic
tensors reduces to the A-harmonic functions. Thus, our results concerning the harmonic tensors
remain true for harmonic functions.
As usual, the n-dimensional Lebesgue measure of a set E ⊆ Rn is denoted by |E|. Balls are
denoted by B and σB is the ball with the same center as B and with diam(σB) = σ diam(B).
Note that |B|1/n = C diam(B) for any ball B . Hence, we do not distinguish C diam(B) from
C|B|1/n in this paper. Here C is a constant. We call w a weight if w ∈ L1loc(Rn) and w > 0 a.e.
Also in general dμ = wdx where w is a weight. The following result appears in [6]: Let
D ⊂ Rn be a bounded, convex domain. To each y ∈ D there corresponds a linear operator
Ky :C
∞(D,Λl) → C∞(D,Λl−1) defined by
(Kyω)(x; ξ1, . . . , ξl−1) =
1∫
0
t l−1ω(tx + y − ty;x − y, ξ1, . . . , ξl−1) dt
and the decomposition
ω = d(Kyω) + Ky(dω).
A homotopy operator T :C∞(D,Λl) → C∞(D,Λl−1) is defined by averaging Ky over all
points y in D
Tω =
∫
D
ϕ(y)Kyωdy, (1.5)
where ϕ ∈ C∞0 (D) is normalized by
∫
D
ϕ(y)dy = 1. Then we have the following decomposition:
ω = d(T ω)+ T (dω) (1.6)
and the norm of the homotopy operator can be estimated by
‖T ω‖s,D  C diam(D)‖ω‖s,D. (1.7)
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ωD = |D|−1
∫
D
ω(y)dy, l = 0, and ωD = d(T ω), l = 1,2, . . . , n, (1.8)
for all ω ∈ Lp(D,∧l ), 1 p < ∞.
From [11, p. 16], we know that any open subset of Rn is the union of a sequence of mutually
disjoint Whitney cubes. Also, cubes are convex. Thus, the definition of T can be extended into
any open subset of Rn. Now, we recall the definition of δ-John domains.
Definition 1.9. We call Ω , a proper subdomain of Rn, δ-John domain, δ > 0, if there exists a
point x0 ∈ Ω which can be joined with any other point x ∈ Ω by a continuous curve γ ⊂ Ω so
that d(ξ, ∂Ω)  δ|x − ξ | for each ξ ∈ γ . Here d(ξ, ∂Ω) is the Euclidean distance between ξ
and ∂Ω .
2. The local Poincaré inequality for A-harmonic tensors
In this section, we prove the parametric version of the weighted Poincaré inequality for A-
harmonic tensors on Ω . We shall need the following definition and lemmas.
Definition 2.1. We say that the weight w(x) satisfies the Ar(E) condition in a set E ⊂ Rn for
r > 1, write w ∈ Ar(E), if w(x) > 0 a.e., and
sup
B
(
1
|B|
∫
B
wdx
)(
1
|B|
∫
B
(
1
w
)1/(r−1)
dx
)(r−1)
< ∞
for any ball B ⊂ E.
See [5] for the basic properties of Ar(E)-weights. We also need the following reverse Hölder
inequality [5, Chapter 15].
Lemma 2.2. If w ∈ Ar , then there exist constants β > 1 and C, independent of w, such that
‖w‖β,B  C|B|(1−β)/β‖w‖1,B
for all balls B ⊂ Rn.
The following Lemmas 2.3 and 2.4 appear in [8].
Lemma 2.3. Let u be an A-harmonic tensor on Ω , σ > 1 and 0 < s, t < ∞. Then there exists a
constant C, independent of u, such that
‖u‖s,B  C|B|(t−s)/st‖u‖t,σB
for all balls or cubes B with σB ⊂ Ω .
Lemma 2.4. Let u ∈ D′(Q,Λl) and du ∈ Lp(Q,Λl+1). Then u − uQ is in W 1p(Q,Λl) with
1 < p < ∞ and
‖u − uQ‖p,Q C(n,p)|Q|1/n‖du‖p,Q
for Q a cube or a ball in Rn, l = 0,1, . . . , n.
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Lemma 2.5. Let 0 < α < ∞, 0 < β < ∞ and s−1 = α−1 + β−1. If f and g are measurable
functions on Rn, then
‖fg‖s,E  ‖f ‖α,E‖g‖β,E
for any E ⊂ Rn.
First, we prove the following local weighted Poincaré inequality for A-harmonic tensors on Ω ,
which will be used to prove Theorem 3.22, one of the main theorems in this paper.
Theorem 2.6. Let u ∈ D′(Ω,Λl) be an A-harmonic tensor on Ω and du ∈ Ls(Ω,Λl+1), l =
0,1, . . . , n − 1. Assume that σ > 1, 0 < α  1, 1 + α(r − 1) < s < ∞ and w ∈ Ar for some
r > 1. Then
‖u − uB‖s,B,wα  C|B|1/n‖du‖s,σB,wα (2.7)
for all balls B with σB ⊂ Ω . Here C is a constant independent of u.
Note that (2.7) can be written in the following form:(
1
|B|
∫
B
|u − uB |swα dx
)1/s
C|B|1/n
(
1
|B|
∫
σB
|du|swα dx
)1/s
. (2.7′)
Proof. Choose t = s/(1 − α). Then 1 < s < t since 0 < α < 1. Using Hölder’s inequality, we
have (∫
B
|u − uB |swα dx
)1/s

(∫
B
(|u − uB |wα/s)s dx
)1/s

(∫
B
|u − uB |t dx
)1/t(∫
B
wαt/(t−s) dx
)(t−s)/st
= ‖u − uB‖t,B
(∫
B
wdx
)α/s
. (2.8)
Next, choose
m = s
α(r − 1) + 1 ,
then m < s. Since uB is a closed form, by Lemmas 2.3 and 2.4, we find that
‖u − uB‖t,B  C1|B|(m−t)/mt‖u − uB‖m,σB  C2|B|(m−t)/mt |B|1/n‖du‖m,σB (2.9)
for all balls B with σB ⊂ Ω . Now 1/m = 1/s + (s − m)/sm, by Hölder inequality again, we
obtain
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( ∫
σB
(|du|wα/sw−α/s)m dx)1/m

( ∫
σB
|du|swα dx
)1/s( ∫
σB
(
1
w
)αm/(s−m)
dx
)(s−m)/sm
=
( ∫
σB
|du|swα dx
)1/s( ∫
σB
(
1
w
)1/(r−1)
dx
)α(r−1)/s
. (2.10)
From (2.8)–(2.10), we have(∫
B
|u − uB |swα dx
)1/s
 C2|B|(m−t)/tm|B|1/n
(∫
B
wdx
)α/s
×
( ∫
σB
(
1
w
)1/(r−1)
dx
)α(r−1)/s( ∫
σB
|du|swα dx
)1/s
. (2.11)
Since w ∈ Ar(Ω), then(∫
B
w dx
)α/s( ∫
σB
(
1
w
)1/(r−1)
dx
)α(r−1)/s

(( ∫
σB
w dx
)( ∫
σB
(
1
w
)1/(r−1)
dx
)(r−1))α/s
=
(
|σB|(r−1)+1
(
1
|σB|
∫
σB
w dx
)(
1
|σB|
∫
σB
(
1
w
)1/(r−1)
dx
)(r−1))α/s
 C3|σB|α(r−1)/s+α/s
 C4|B|α(r−1)/s+α/s . (2.12)
Substituting (2.12) into (2.11) and using (m − t)/mt = −α/s − α(r − 1)/s, we obtain(∫
B
|u − uB |swα dx
)1/s
 C5|B|1/n
( ∫
σB
|du|swα dx
)1/s
,
which is equivalent to (2.7).
For the case α = 1, by Lemma 2.2, there exist constants β > 1 and C6 > 0, such that
‖w‖β,B  C6|B|(1−β)/β‖w‖1,B (2.13)
for any cube or any ball B ⊂ Rn. Choose t = sβ/(β −1), then 1 < s < t and β = t/(t − s). Since
1/s = 1/t + (t − s)/st , by Lemma 2.5 and (2.13), we have(∫
B
|u − uB |sw dx
)1/s
=
(∫
B
(|u − uB |w1/s)s dx
)1/s

(∫
|u − uB |t dx
)1/t(∫ (
w1/s
)st/(t−s)
dx
)(t−s)/st
B B
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 C8‖u − uB‖t,B |B|(1−β)/βs‖w‖1/s1,B . (2.14)
Now, choose m = s/r . Then m < s. By Lemmas 2.3 and 2.4, we have
‖u − uB‖t,B  C9|B|(m−t)/mt‖u − uB‖m,σB  C10|B|(m−t)/mt |B|1/n‖du‖m,σB. (2.15)
By Hölder inequality again, we obtain
‖du‖m,σB =
( ∫
σB
(|du|w1/sw−1/s)m dx)1/m

( ∫
σB
|du|sw dx
)1/s( ∫
σB
(
1
w
)m/(s−m)
dx
)(s−m)/sm
=
( ∫
σB
|du|sw dx
)1/s( ∫
σB
(
1
w
)1/(r−1)
dx
)(r−1)/s
. (2.16)
Combining (2.15) and (2.16) yields
‖u − uB‖t,B  C11|B|(m−t)/mt |B|1/n
( ∫
σB
|du|sw dx
)1/s( ∫
σB
(
1
w
)1/(r−1)
dx
)(r−1)/s
.
(2.17)
Applying (2.12) with α = 1, we find that(∫
B
wdx
)1/s( ∫
σB
(
1
w
)1/(r−1)
dx
)(r−1)/s
 C12|B|r/s . (2.18)
Substituting (2.17) into (2.14) and using (2.18), we conclude that
‖u − uB‖s,B,w
 C12|B|(1−β)/βs |B|(m−t)/mt |B|1/n‖du‖s,σB,w‖w‖1/s1,B
( ∫
σB
(
1
w
)1/(r−1)
dx
)(r−1)/s
 C13|B|(1−β)/βs |B|(m−t)/mt |B|r/s |B|1/n‖du‖s,σB,w
 C13|B|1/n‖du‖s,σB,w. (2.19)
We have proved that (2.7) is still true if α = 1. This ends the proof of Theorem 2.6. 
The following Lemma 2.20 appears in [4].
Lemma 2.20. Assume that u is an A-harmonic tensor on Ω , σ > 1 and 0 < s, t < ∞. Then there
exists a constant C, independent of u, such that
‖du‖s,B  C|B|(t−s)/st‖du‖t,σB (2.21)
for all balls with σB ⊂ Ω .
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the following norm inequality about the homotopy operator. Considering the length of the paper,
we do not repeat the similar procedure here.
Theorem 2.22. Let u ∈ D′(Ω,Λl), l = 1,2, . . . , n, 1 < s < ∞, be an A-harmonic tensor on
Ω and T :C∞(Ω,Λl) → C∞(Ω,Λl−1) be a homotopy operator defined in (1.5). Assume that
ρ > 1 and w ∈ Ar(Ω) for some r > 1. Then, for any ball B such that suppϕ ⊂ B ⊂ ρB ⊂ Ω ,
where ϕ ∈ C∞0 (B) is normalized by
∫
B
ϕ(y)dy = 1, there exists a constant C, independent of u,
such that∥∥T (du)∥∥
s,B,wα
 C diam(B)‖du‖s,ρB,wα (2.23)
for any real number α with 0 < α  1.
3. The local Poincaré inequality for the projection operator
In order to prove the local Poincaré inequality for the projection operator, we also need the
following terms and notation. We say that u ∈ L1loc(Ω,Λl) has a generalized gradient if, for each
coordinate system, the pullbacks of the coordinate function of u have generalized gradient in the
familiar sense, see [11]. We write
W(Ω,Λl)= {u ∈ L1loc(Ω,Λl): u has generalized gradient}
and define the harmonic l-field by
H=H(Ω,Λl)= {u ∈W(Ω,Λl): du = du = 0, u ∈ Lp for some 1 < p < ∞}.
For u ∈ L1(Ω,Λl), the projection operator H is defined by setting H(u) to be the unique element
of H such that〈
u − h(u),h〉= 0
for all h ∈H. See [10] for the definition of the projection operator H and its properties. From
now on, we always use G to denote Green’s operator and H to denote the harmonic projection
operator acted on differential forms on Ω . From [13, Chapter 6] we know that the projection
operator, Green’s operator and the Laplace–Beltrami operator satisfy Poisson’s equation
H(u) = u − ΔG(u). (3.1)
Theorem 3.2. Let u ∈ D′(Ω,Λl), l = 1,2, . . . , n, be an A-harmonic tensor on Ω . Assume that
ρ > 1, 1 < s < ∞ and w ∈ Ar(Ω) for some r > 1. Then, there exists a constant C, independent
of u, such that∥∥Δ(G(du))∥∥
s,B,wα
 C‖du‖s,ρB,wα (3.3)
for any ball B ⊂ Ω and any real number α with 0 < α  1.
Proof. From [10], we know that for any smooth l-form ω, we have∥∥ddG(ω)∥∥
s,B
+ ∥∥ddG(ω)∥∥
s,B
 C1‖ω‖s,B, (3.4)
where 1 < s < ∞ and C1 is a constant. Choosing ω = du, we find that∥∥ddG(du)∥∥ + ∥∥ddG(du)∥∥  C1‖du‖s,B. (3.5)s,B s,B
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we obtain∥∥ΔG(du)∥∥
s,B
= ∥∥(dd + dd)G(du)∥∥
s,B

∥∥ddG(du)∥∥
s,B
+ ∥∥ddG(du)∥∥
s,B
 C1‖du‖s,B. (3.6)
We first show that (3.3) holds for 0 < α < 1. Let t = s/(1 − α). Using Lemma 2.5 and (3.6), we
have
∥∥Δ(G(du))∥∥
s,B,wα
=
(∫
B
(∣∣Δ(G(du))∣∣wα/s)s dx)1/s

∥∥Δ(G(du))∥∥
t,B
(∫
B
wtα/(t−s) dx
)(t−s)/st
= ∥∥Δ(G(du))∥∥
t,B
(∫
B
wdx
)α/s
 C1‖du‖t,B
(∫
B
wdx
)α/s
. (3.7)
Let m = s/(1 + α(r − 1)), then m < s. Applying Lemma 2.20 yields
‖du‖t,B  C2|B|(m−t)/mt‖du‖m,ρB. (3.8)
Substituting (3.8) into (3.7), we find that
∥∥Δ(G(du))∥∥
s,B,wα
 C3|B|(m−t)/mt‖du‖m,ρB
(∫
B
wdx
)α/s
. (3.9)
Using Lemma 2.5 again with 1/m = 1/s + (s − m)/sm, we obtain
‖du‖m,ρB =
( ∫
ρB
|du|m dx
)1/m
=
( ∫
ρB
(|du|wα/sw−α/s)m dx)1/m
 ‖du‖s,ρB,wα
( ∫
ρB
(
1
w
)1/(r−1)
dx
)α(r−1)/s
(3.10)
for all balls B with ρB ⊂ Ω . Substituting (3.10) into (3.9) gives∥∥Δ(G(du))∥∥
s,B,wα
 C3|B|(m−t)/mt‖du‖s,ρB,wα
(∫
B
w dx
)α/s( ∫
ρB
(
1
w
)1/(r−1)
dx
)α(r−1)/s
. (3.11)
Since w ∈ Ar(Ω), then
‖w‖α/s1,B‖1/w‖α/s1/(r−1),ρB 
(( ∫
wdx
)( ∫ ( 1
w
)1/(r−1)
dx
)r−1)α/s
ρB ρB
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(
|ρB|r
(
1
|ρB|
∫
ρB
w dx
)(
1
|ρB|
∫
ρB
(
1
w
)1/(r−1)
dx
)r−1)α/s
 C4|B|αr/s . (3.12)
Combining (3.12) and (3.11), we conclude that∥∥Δ(G(du))∥∥
s,B,wα
 C5‖du‖s,ρB,wα (3.13)
for all balls B with ρB ⊂ Ω . We have proved that (3.3) is true if 0 < α < 1.
Next, we prove (3.3) is also true for α = 1, that is, we need to show that∥∥Δ(G(du))∥∥
s,B,w
 C‖du‖s,ρB,w. (3.14)
By Lemma 2.2, there exist constants β > 1 and C6 > 0, such that
‖w‖β,B  C6|B|(1−β)/β‖w‖1,B (3.15)
for any cube or any ball B ⊂ Rn. Set t = sβ/(β − 1), then 1 < s < t and β = t/(t − s). Note that
1/s = 1/t + (t − s)/st . Using Lemma 2.5, (3.6) and (3.15), we have(∫
B
∣∣Δ(G(du))∣∣sw dx)1/s = (∫
B
(∣∣Δ(G(du))∣∣w1/s)s dx)1/s

(∫
B
∣∣Δ(G(du))∣∣t dx)1/t(∫
B
(
w1/s
)st/(t−s)
dx
)(t−s)/st
 C7
∥∥Δ(G(du))∥∥
t,B
‖w‖1/sβ,B
 C8‖du‖t,B‖w‖1/sβ,B
 C9|B|(1−β)/βs‖w‖1/s1,B‖du‖t,B
 C9|B|−1/t‖w‖1/s1,B‖du‖t,B . (3.16)
Next, choose m = s/r . From Lemma 2.20, we obtain
‖du‖t,B  C10|B|(m−t)/mt‖du‖m,ρB. (3.17)
Using Lemma 2.5, we find that
‖du‖m,ρB =
( ∫
ρB
(|du|w1/sw−1/s)m dx)1/m

( ∫
ρB
|du|sw dx
)1/s( ∫
ρB
(
1
w
)1/(r−1)
dx
)(r−1)/s
(3.18)
for all balls B with ρB ⊂ Ω . Note that w ∈ Ar(Ω). Using (3.12) with α = 1 yields
‖w‖1/s1,B‖1/w‖1/s1/(r−1),ρB  C11|B|r/s . (3.12′)
Combining (3.16)–(3.18) and (3.12′), we have
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s,B,w
C12|B|−1/t‖w‖1/s1,B |B|(m−t)/mt‖du‖m,ρB
C12|B|−1/m‖w‖1/s1,B‖1/w‖1/s1/(r−1),ρB‖du‖s,ρB,w
C13‖du‖s,ρB,w
for all balls B with ρB ⊂ Ω . Hence, (3.14) follows. The proof of Theorem 3.2 is completed. 
Since G commutes with d (see [13, p. 225]) and d(du) = 0 for any differential form u, we
find that
dΔG(u) = d(dd + dd)G(u) = dddG(u) = (ddd + ddd)G(u)
= (dd + dd)dG(u) = ΔdG(u) = ΔG(du). (3.19)
Then, from (1.6)–(1.8), (3.19) and (3.6), we obtain
∥∥ΔG(u) − (ΔG(u))
B
∥∥
s,B
= ∥∥T d(ΔG(u))∥∥
s,B
= ∥∥T (ΔG(du))∥∥
s,B
 C1 diam(B)
∥∥ΔG(du)∥∥
s,B
 C2 diam(B)‖du‖s,B . (3.20)
By the same method as we used in the proof of Theorem 3.2, using Lemma 2.20 and (3.20), we
can prove the following Poincaré inequality for the composition of Δ and G.
Lemma 3.21. Let u ∈ D′(Ω,Λl), l = 1,2, . . . , n − 1, be an A-harmonic tensor on Ω . Assume
that ρ > 1, 1 < s < ∞ and w ∈ Ar(Ω) for some r > 1. Then, there exists a constant C, indepen-
dent of u, such that∥∥ΔG(u) − (ΔG(u))
B
∥∥
s,B,wα
 C diam(B)‖du‖s,ρB,wα
for any ball B ⊂ Ω and any real number α with 0 < α  1.
Now, we are ready to prove the following local Poincaré inequality for the projection operator
applied to A-harmonic tensors on Ω .
Theorem 3.22. Let u ∈ D′(Ω,Λl) be an A-harmonic tensor on Ω and du ∈ Ls(Ω,Λl+1), l =
0,1, . . . , n− 1, and H be the projection operator. Assume that ρ > 1, 0 < α  1, 1 +α(r − 1) <
s < ∞ and w ∈ Ar for some r > 1. Then∥∥H(u) − (H(u))
B
∥∥
s,B,wα
 C|B|1/n‖du‖s,ρB,wα (3.23)
for all balls B with ρB ⊂ Ω . Here C is a constant independent of u.
Note that (3.23) can be written as the following symmetric form:(
1
|B|
∫
B
∣∣H(u) − (H(u))
B
∣∣swα dx)1/s  C|B|1/n( 1|B|
∫
ρB
|du|swα dx
)1/s
. (3.23′)
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B
∥∥
s,B,wα
= ∥∥u − ΔG(u) − (u − ΔG(u))
B
∥∥
s,B,wα
= ∥∥u − ΔG(u) − (uB − (ΔG(u))B)∥∥s,B,wα
 ‖u − uB‖s,B,wα +
∥∥ΔG(u) − (ΔG(u))
B
∥∥
s,B,wα
 C1|B|1/n‖du‖s,ρ2B,wα + C2|B|1/n‖du‖s,ρ1B,wα
 C3|B|1/n‖du‖s,ρB,wα , (3.24)
where ρ = max{ρ1, ρ2}. The proof of Theorem 3.22 has been completed. 
4. The global weighted Poincaré inequalities
In this section, we extend our main local results obtained in Sections 2 and 3 into the global
ones. For this purpose, we need the following covering lemma appearing in [8]. See [11] for
more properties of Whitney cubes.
Lemma 4.1. Each Ω has a modified Whitney cover of cubes V = {Qi} such that⋃
i
Qi = Ω, (4.2)
∑
Q∈V
χ√ 5
4 Q
(x)NχΩ(x) (4.3)
for all x ∈ Rn and some N > 1, where χE is the characteristic function for a set E. Moreover, if
Qi ∩Qj = ∅, then there exists a cube R (this cube does not need to be a member of V) in Qi ∩ Qj
such that Qi ∪Qj ⊂ NR. Also, if Ω is a δ-John domain, then there is a distinguished cube Q0 ∈ V
which can be connected with every cube Q ∈ V by a chain of cubes Q0,Q1, . . . ,Qk = Q from V
and such that Q ⊂ ρQi , i = 0,1,2, . . . , k, for some ρ = ρ(n, δ).
Theorem 4.4. Let u ∈ Ls(Ω,Λl), l = 1,2, . . . , n − 1, 1 < s < ∞, be an A-harmonic tensor on
Ω and T :C∞(Ω,Λl) → C∞(Ω,Λl−1) be a homotopy operator defined by (1.5). Assume that
w ∈ Ar(Ω) for some r > 1. Then, there exists a constant C, independent of u, such that∥∥T (du)∥∥
s,Ω,wα
 C diam(Ω)‖du‖s,Ω,wα (4.5)
for any real number α with 0 < α  1.
Proof. From (2.23) and Lemma 4.1, we find that∥∥T (du)∥∥
s,Ω,wα

∑
B∈V
∥∥T (du)∥∥
s,B,wα

∑
B∈V
(
C1 diam(B)
( ∫
σB
|du|swα dx
)1/s)

∑
B∈V
(
C2 diam(B)
( ∫
|du|swα dx
)1/s)
χ√ 5
4 σB
(x)σB
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(
C2 diam(Ω)
(∫
Ω
|du|swα dx
)1/s)∑
B∈V
χ√ 5
4 σB
(x)
 C3 diam(Ω)‖du‖s,Ω,wα . (4.6)
This ends the proof of Theorem 4.4. 
Now, we are ready to prove the global parametric Poincaré inequality for A-harmonic tensors
on Ω .
Theorem 4.7. Let u ∈ D′(Ω,Λl) be a solution of the A-harmonic equation (1.1) on Ω and
du ∈ Ls(Ω,Λl+1), l = 0,1, . . . , n − 1. Assume that 0 < α  1, 1 + α(r − 1) < s < ∞ and
w ∈ Ar(Ω) for some r > 1. Then
‖u − uΩ‖s,Ω,wα  C diam(Ω)‖du‖s,Ω,wα . (4.8)
Here C is a constant independent of u.
Proof. Using (1.6), (1.8) and Theorem 4.4, we have
‖u − uΩ‖s,Ω,wα =
∥∥u − d(T u)∥∥
s,Ω,wα
= ∥∥T d(u)∥∥
s,Ω,wα
C1 diam(Ω)‖du‖s,Ω,wα .
The proof of Theorem 4.7 has been completed. 
Finally, we prove the following global Poincaré inequality for the projection operator applied
to the differential forms on Ω .
Theorem 4.9. Let u ∈ D′(Ω,Λl) be a solution of the A-harmonic equation (1.1) on Ω and
du ∈ Ls(Ω,Λl+1), l = 0,1, . . . , n−1, and H be the projection operator. Assume that 0 < α  1,
1 + α(r − 1) < s < ∞ and w ∈ Ar(Ω) for some r > 1. Then∥∥H(u) − (H(u))
Ω
∥∥
s,Ω,wα
 C diam(Ω)‖du‖s,Ω,wα . (4.10)
Here C is a constant independent of u.
Proof. Applying Lemma 3.21 and the same method as we used in the proof of Theorem 4.4, we
have ∥∥ΔG(u) − (ΔG(u))
Ω
∥∥
s,Ω,wα
 C1 diam(Ω)‖du‖s,Ω,wα . (4.11)
Using (3.1), (4.8) and (4.11), we conclude that∥∥H(u) − (H(u))
Ω
∥∥
s,Ω,wα
= ∥∥u − ΔG(u) − (u − ΔG(u))
Ω
∥∥
s,Ω,wα
= ∥∥(u − uΩ) − (ΔG(u) − (ΔG(u))Ω)∥∥s,Ω,wα
 ‖u − uΩ‖s,Ω,wα +
∥∥ΔG(u) − (ΔG(u))
Ω
∥∥
s,Ω,wα
 C2 diam(Ω)‖du‖s,Ω,wα + C1 diam(Ω)‖du‖s,Ω,wα
 C3 diam(Ω)‖du‖s,Ω,wα .
This ends the proof of the theorem. 
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required inequalities. For example, choosing α = 1 in Theorem 4.4, we have(∫
Ω
∣∣T (du)∣∣sw dx)1/s  C diam(Ω)(∫
Ω
|du|sw dx
)1/s
,
w ∈ Ar(Ω) for some r > 1 and 1 < s < ∞. Selecting α = 1 in Theorems 4.7 and 4.9, respec-
tively, we find that(∫
Ω
|u − uΩ |sw dx
)1/s
 C diam(Ω)
(∫
Ω
|du|sw dx
)1/s
and (∫
Ω
∣∣H(u) − (H(u))
Ω
∣∣sw dx)1/s  C diam(Ω)(∫
Ω
|du|sw dx
)1/s
,
where w ∈ Ar(Ω) for some r > 1 and r < s < ∞. Considering the length of the paper, we do
not include other special cases here.
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